We introduce a notion of asymptotically orthonormal polynomials for a Borel measure µ with compact nonpolar support in C. We show that for such sequences of polynomials the convergence properties of the sequences of Julia sets and filled Julia sets are similar to those for sequences of orthonormal polynomials, see also [CHPP18] . We give examples of measures for which the monic orthogonal polynomials are asymptotically orthonormal.
I
Let B denote the set of Borel probability measures on C with compact nonpolar support and let µ ∈ B. We study sequences {q n (µ; z)} n of orthogonal polynomials for µ. More precisely let {p n (µ; z)} n denote the unique orthonormal polynomial sequence in L 2 (µ) with p n (µ; z) = γ n z n + lower order terms (1.1) C E M D O P and γ n > 0. Then for any sequence {a n } n ⊂ C of non-zero complex numbers the polynomial sequence {q n (z) = q n (µ; z) := a n p n (µ; z)} n is an orthogonal sequence in L 2 (µ). In this paper we study the variation of such sequences as the measure µ is pushed forward by an affine map and we are in particular interested in the dynamics of such polynomials. We shall rely on the paper "Julia sets of Orthogonal Polynomials" [CHPP18] and thus indirectly on the monograph "General Orthogonal Polynomials" [ST92] , where potential theoretic and measure theoretic properties of the support of a measure µ are related to the potential theoretic and measure theoretic properties of the sequence of orthonormal polynomials defined by µ.
It is customary in the theory of orthogonal polynomials to require that the leading coefficient γ n in (1.1) satisfies γ n > 0, which gives uniqueness of the sequence in L 2 (µ). Uniqueness aside, this requirement is often superfluous when proving statements on orthonormal polynomials. One can define γ n := ε n γ n ∈ C \ {0} for any sequence {ε n } n with |ε n | = 1 and so obtain { p n (µ; z)} n := {ε n p n (µ; z)} n , another orthonormal sequence for µ. Since ||p n || L 2 (µ) = ||ε n p n || L 2 (µ) , such orthonormal sequences are not uniquely determined by the L 2 (µ) norm. Varying the argument of γ n yields different sequences of orthonormal polynomials, while fixing the sequence {ε n } n gives the unique orthonormal sequence with leading coefficient γ n . We shall refer to any sequence { p n (µ; z)} n as an orthonormal sequence and to the sequence {p n (µ; z)} n as the canonical orthonormal sequence, when need be.
Since | p n (µ; z)| = |p n (µ; z)| for each n and the two sets of zeros for the polynomials are identical, the classical result [ST92, Thm. 1.14] is invariant under this modification: Proposition 1.1. For any µ ∈ B, and any orthonormal sequence { p n (µ; z)} n as above nearly everywhere on ∂Ω.
Here Cap denotes the logarithmic capacity, while g µ is the so-called minimal carrier Green's function, for details see (2.2). The relation (1.2) holds locally uniformly in C, which means that for any z ∈ C and z n −→ z we have lim sup n→∞ | p n (µ; z n )| 1 n ≤ e gµ(z) . Similarly for (1.3).
However more is possible. We can also consider orthogonal polynomial sequences which asymptotically are orthonormal in the following sense. Definition 1.2. Let µ ∈ B and let {a n } n be a sequence with a n ∈ C\{0}. An asymptotically orthonormal sequence for µ is an orthogonal sequence {q n (µ; z) = a n p n (µ; z)} n where lim n→∞ n |a n | = 1.
The term asymtotically orthonormal derives from the fact, which we are to prove here, that such sequences behaves in many aspects as the sequences of orthonormal polynomials. If |a n | = 1 for all n, then {q n (µ; z)} n is an orthonormal sequence for µ as in the above discussion and the above Proposition applies. In general the following slightly weaker version of [ST92, Thm. 1.14] holds for asymptotically orthonormal sequences {q n (µ; z)} n , this version however suffices for the results of this present paper. Proposition 1.3. For any µ ∈ B and any asymptotically orthonormal sequence {q n (µ; z)},
locally uniformly in C, and
locally uniformly in C \ Co(S(µ)). In Co(S(µ)) ∩ Ω the asymptotic lower bound holds true only in capacity, that is, for every compact set V ⊆ Ω and every ε > 0,
In addition to asymptotically orthonormal polynomials for µ we study the variation of the orthogonal polynomials as µ is pushed forward by affine maps. In particular, we study the impact on the orthogonal polynomials viewed as dynamical systems when affinely transforming µ.
Pushforwards by affine maps φ(z) = φ a,b (z) = az + b where a ∈ C \ {0} and b ∈ C define a natural notion of conformal equivalence of measures in B, i.e. µ ∼ ν if and only if there exists a = 0, b such that ν = (φ a,b ) * (µ).
(1.10)
For the conformal pushforward measure ν of µ we have
is an orthogonal sequence for ν. Equivalently q n (µ; z) := q n (ν; φ a,b (z)) is an orthogonal sequence for µ whenever q n (ν; z) is an orthogonal sequence for ν. Similarly,
is an orthonormal sequence for ν whenever p n (µ; z) is an orthonormal sequence for µ. However we remark that p n (ν, z) = p n (µ, φ The main result of this paper is the following theorem. The minimal carrier Green's function g µ as well as the notion of limits of sequences of compacts sets will be described in the following section.
Here B + denotes the set of measures {µ ∈ B | lim inf n→∞ Cap(K pn(µ;z) ) > 0}.
Complement 1.6. If |a n | = 1 for all n, so that q n = p n (µ; z) and µ ∈ B + then
(1.14)
and the sequence {q n } n is µ asymptotically orthonormal then
For a measure µ ∈ B the sequences of othonormal polynomials { p n (µ; z)} n are said to have regular nth root asymptotic behaviour, if and only if
locally uniformly in C \ Co(S(µ)). Equivalently
where Cap(S(µ)) denotes the logarithmic capacity of S(µ). We shall abuse notation and say that such a measure µ is nth root regular. Evidently such a measure belongs to B + . Theorem 1.8. Let µ be n-th root regular, let φ be affine and let q n (z) = a n p n (µ; z) be an asymptotically orthonormal sequence for µ. Then
Proof. The monic sequence P n = p n (µ; z)/γ n is asymptotically orthonormal for µ, so Theorem 1.5 implies the result.
Corollary 1.10. Let µ be n-th root regular, let φ(z) = az + b with |a| = 1/ Cap(S(µ) and let ν = φ * (µ). Then the sequence {P n (z) = P n (ν; n)} n of monic orthogonal polynomials for ν satisfies
where E ⊂ S(ν) is the set of Dirichlet non-regular points in S(ν). 
B
Recall that S(µ) is the support of µ ∈ B, where B is the set of Borel probability measures on C with compact nonpolar support. Let Ω = Ω µ denote the unbounded connected component of C \ S(µ).
Theorem 2.1 ([ST92] Lemma 1.1.3, originally proven by Fejér [Fej22] ). All zeros of the orthonomal polynomial p n (µ; z) are contained in the convex hull Co(S(µ)), and for any compact set V ⊆ Ω the number of zeros of p n (µ; z) on V is bounded as n −→ ∞.
In the following g Ω denotes the Green's function for Ω with pole at infinity, while g µ is the minimal-carrier Green's function. The minimal-carrier Green's function g µ arises from an extention of the notion of Green's functions with pole at infinity to arbitrary Borel sets with bounded complement, see [[ST92] Appendix A.V]. In particular, one can consider the unbounded connected component of C \ C for C a bounded carrier of µ, i.e. C a bounded measurable set satisfying µ(C \ C) = 0. This unbounded component is not necessarily open. The Green's function g C\C is then defined as the unique non-negative subharmonic function, which is harmonic and positive on the interior of C \ C and satisfies
which reflects the properties of the Green's function g Ω . The minimal-carrier Green's function g µ is the supremum over all such g C\C and satisfies
where c µ is the minimal-carrier capacity, i.e. the infimum of the capacities of the bounded carriers of µ.
For completeness we include the following fundamental theorem of Stahl and Totik, of which Prosition 1.1 is a Corollary. locally uniformly in C, and
In Co(S(µ)) ∩ Ω the lower bound can also be given in the following form:
nearly everywhere in Co(S(µ)) ∩ Ω , and on the outer boundary ∂Ω of S(µ)
nearly everywhere on ∂Ω.
We have the following corollary.
Corollary 2.3. For a Borel probability measure µ,
Proof. The relations (2.8) and (2.9) follows directly from the corresponding relations (2.3) and (2.4). For the last statement consider {z ∈ V :
Proof of Proposition 1.3. Since a n = 0 the zeros of q n (µ; z) and p n (µ; z) coincide. Moreover, lim n→∞ 1 n log + |a n | = 0, thus the relations (2.8) and (2.9) hold for q n (µ; z) = a n p n (µ; z) as well. Regarding (1.9), choose N such that
2 } for n > N , so (2.10) implies the result for q n (µ; z).
Remark 2.4. Note that also (2.3) and (2.4) hold for any asymptotically orthonormal sequence.
Our results are phrased in terms of the Hausdorff distance between compact subsets of C. The space of non-empty compact subsets of C equipped with the Hausdorff distance is a complete metric space [ [BR93] Chapter II]. For a bounded sequence {S n } n of compact sets define the sets The notions of lim inf and lim sup apply to the sequences of Julia sets and filled Julia sets. Both the Julia set and filled Julia set are compact and moreover the sequences {J qn } n and {K qn } n are bounded for n sufficiently large. This follows from [[CHPP18] Lemma 2.2], which by Proposition 1.3 and inspection holds for q n as well as p n , see also Propostion 3.3 below.
Note that the subset B + ⊆ B here defined as
is conditioned in terms of the leading coefficient γ n in [CHPP18] . In particular B + := {µ ∈ B | lim sup n→∞ γ 1 n n < ∞}. The equivalence of the two descriptions easily follows from the relation cap(K pn(µ;z) ) = 1
Theorem 6.5.1]. We choose the above description under the impression that it is the more illustrative of the geometric properties relevant here.
C I
Given (1.12) we can verify that the above relations from [ST92] are invariant under conformal equivalence of measures.
and { p n (ν; z) := p n (µ; φ −1 (z))} n is an orthonormal sequence for ν, whenever { p n (µ; z)} n is an orthonormal sequence for µ. And similarly {q n (ν; z) := q n (µ; φ −1 (z))} n is an asymptotically orthonormal sequence for ν, whenever {q n (µ; z) = a n p n (µ; z)} n is an asymptotically orthonormal sequence for µ. Proof. Assume p n (µ; z 0 ) = 0, so that z 0 ∈ Co(S(µ)). Then φ(z 0 ) ∈ Co(S(ν)) by (3.1) and p n (ν; φ(z 0 )) = 0 by (1.12). Hence the position of the zeros relative to the support is preserved. Moreover, we have that
and as Green's functions are conformally invariant, see [[Ran95] Theorem 4.4.4], these transform in the same way, i.e. g Ωµ (z) = g Ων (φ(z)). So the relations between 1 n log | p n (ν; φ(z))| and g Ων (φ(z)) are the same as the relations between
for the relations involving the minimal carrier Green's functions g µ (z) and g ν (φ(z)). Hence the asymptotic bounds are preserved under a conformal pushforward of the measure as well.
We have a similar result for q n (µ; z) on the invariance of the weaker version of the results in [ST92] given here as Corollary 2.3. The proof is as of the above proposition. The above propositions indicate that from the point of view of orthogonal polynomials there is no difference between working with µ or any equivalent measure (φ a,b ) * (µ). We therefore say that asymptotically orthonormal polynomials are conformally invariant. However, we shall see that the dynamics of orthogonal polynomials q n (µ, z) and q n (ν, z) in general will be quite different. See for example Section 5.1.
Recall that two polynomials p and q are conformally conjugate if there is a biholomorphic hence affine map φ such that p • φ = φ • q, or equivalently
Such a map φ is called a conjugacy. A conformal conjugacy preserves the multipliers of the corresponding fixed points and periodic orbits and the entire dynamics. We then say that p and q are conformally equivalent dynamical systems. In particular, for the Julia set J and the filled Julia set K we have that
Moreover, the Greens functions for the respective basins of attraction for infinity satisfy
One could think based on the above propositions that q n (µ; z) and q n (ν; z) are conformally equivalent dynamical systems, however it is evident from (1.11) that this is not true in general. We will use this observation to describe affine deformations of q n (µ; z).
The dynamics of the sequence {p n (µ; z)} n is described in the paper "Julia Sets of Orthogonal Polynomials" [CHPP18] . In [CHPP18] is presented a relationship between dynamical properties of the sequence {p n (µ; z)} n of orthonormal polynomials and the compact support S(µ) of µ ∈ B + . In particular that
The results in [CHPP18] are proven for the orthonormal p n (µ; z) with γ n > 0, but we can replace the sequence {p n (µ; z)} n with any asymptotically orthonormal sequence {q n (µ; z)} n .
Proposition 3.3. Let µ ∈ B + and let {q n (z) = a n p n (µ; z)} n be any asymptotically orthonormal sequence for µ. Then
where E µ is the exceptional set for the minimal carrier Green's function g µ . Moreover, E µ can be replaced by the exceptional set E for the Green's function g Ω , when µ is n-th root regular.
Proof. Inspection shows that Proposition 1.3 implies that the result in [CHPP18] remain valid for q n (µ; z). In particular we observe the following. Let K = C \ Ω denote the filled support of µ ∈ B and let K n be the filled Julia set for q n (z) with g n the Green's function for
. But the only elements particular to orthonormality in the proof is (2.9) and the position of the zeros, so by Proposition 1.3 the same is true for q n (z). With this result we directly obtain the main technical tool [[CHPP18] Proposition 2.3], that for any µ ∈ B + there is a natural number N and a constant M > 0 such that
As in [[CHPP18] Proposition 2.7] this allows us to relate the dynamical Green's functions g n to the Green's functions g µ and g Ω associated to µ through Corollary 2.3 which by Proposition 1.3 holds for q n (µ; z) as well. An inspection of the proof of (3.5) [[CHPP18] Theorem 1.3] reveals that with the above results preserved we can replace p n (µ; z) with q n (µ; z) in (3.5).
In this present paper we consider the measure dependency of this geometric relationship, i.e. how a conformal transformation µ → ν a,b = (φ a,b ) * (µ) of the measure affects the relative position of the dynamical sets and the support. The dynamical systems given by the polynomials are not conformally conjugate, which indicates that the relative position is not preserved under conformal equivalence of measures. While the conclusions in the C E M D O P above theorems from [ST92] are invariant under conformal equivalence of measures, the conclusions in [CHPP18] have a new content for every nontrivial pushforward of a measure µ ∈ B + . Theorem 1.5 combined with the results in [CHPP18] and Proposition 3.3 shows that even though the dynamics is dependent on the normalization of the measure some structure is still retained.
4. P T 1.5 1.8
As remarked above, the sequence {q n (ν; z) = q n (µ; φ −1 (z)} n of polynomials for the pushforward measure ν is not conformally conjugate to the sequence {q n (µ; z)} n viewed as dynamical systems. The key for proving Theorem 1.5 is the following simple observation.
Lemma 4.1. Let µ ∈ B, and let φ be affine. Then for every n ≥ 1 the polynomials q n (ν; z) and φ −1 • q n (µ; z) are conjugate under φ.
One can visualize this claim by the following commuting diagram,
Proof. Writing (1.11) as q n (ν; z) = φ • φ −1 • q n (µ; z) • φ −1 it follows from (3.3) that q n (ν; z) and φ −1 • q n (µ; z) are conformally conjugate under φ.
The results in [CHPP18] , in particular (3.5) above, directly applies to the pushforward measure ν = φ * (µ) and its support S(ν). By Proposition 3.3 this relationship also holds for q n (µ; z).
We can now prove our main result, which for every affine map φ relates the support S(µ) to the sequences {J φ −1 •qn(µ;z) } n and {K φ −1 •qn(µ;z) } n of Julia sets and filled Julia sets.
Proof of Theorems 1.5 and 1.8. Let µ ∈ B, let φ be affine and let ν = φ * (µ). Suppose q n (z) = q n (µ; z) = a n p n (µ; z) is an orthogonal polynomial sequence for µ. Then
is the corresponding orthogonal polynomial sequence for ν. Thus S(µ) and the Julia sets J φ −1 •qn and filled Julia sets K φ −1 •qn have the same relative position as the support S(ν) = φ(S(µ)) of the measure ν and the Julia sets J qn•φ −1 and filled Julia sets K qn•φ −1 , since it follows from Lemma 4.1 and (3.4) that
Moreover, if µ ∈ B + and the sequence {q n (z)} n is asymptotically orthonormal for µ, then according to Proposition 3.3,
where E ν is the exceptional set for the minimal carrier Green's function g ν for ν. If moreover µ and hence ν is nth root regular then we can replace E ν by the set E consisting of Dirichlet non-regular outer boundary points of S(ν). By (4.1) this is equivalent to (1.13) and to (1.17) if ν is nth root regular as the relative positions of the sets are preserved. This proves Theorems 1.5 and 1.8.
E
Let K be a compact continuum with connected complement Ω = C \ K. Then K is nonpolar and its boundary J is Dirichlet regular, being connected. Let µ denote the equilibrium measure on K. Then the support of S(µ) equals J. Such a measure µ is an example of a measure for which the associated orthonormal polynomials p n (µ; z) have regular If we assume also that K is convex, then since J is Dirichlet regular we according to Theorem 1.8, in particular (1.18), have that
for every affine map φ and for any asymptotically orthonormal sequence {q n (z) = a n p n (µ; z)} for µ. Moreover if Cap(K) = 1 then according to Corollary 1.9
where P n (µ; z) is the nth monic orthogonal polynomial for µ.
Let µ ∈ B + denote the standard Lebesgue probability measure on the unit circle S 1 , i.e. the arc length measure on the unit circle normalized so the circle has arc length 1. Thus S(µ) = S 1 and Co(S(µ)) = D = K(µ). Then µ is the equilibrium measure on S 1 , so µ has regular nth root asymptotic behavior. It is well-known that p n (µ; z) = z n is the unique orthonormal sequence for µ. Now let φ c (z) = z − c for c ∈ C and let ν = (φ c ) * (µ). By conformal equivalence, ν is nth root regular with Dirichlet regular support as well. It follows from Lemma 4.1 that p n (ν; z) is conformally conjugate to φ −1 c • p(µ; z) = z n + c and as the filled support K(µ) = D is convex (5.1) implies that
T C P
The Julia set for p 2 (z) = z 2 − 2 is the real interval [−2, 2], see [[Mil06] Section 7]. The polynomial p 2 (z) is the second Chebyshev polynomial in the sequence defined by
with p 1 (z) = z and p 2 (z) as above. In fact, any Chebyshev polynomial p n (z) with n ≥ 2 has Julia set [−2, 2]. The sequence of Chebyshev polynomials p n (z) = p n (µ; z) is the sequence of monic orthogonal polynomials for the equilibrium measure µ on Combining with (5.2) it follows that
In particular, for any a ∈ C \ {0} and b ∈ C the sequence φ •p n (z) = p n (z)+b are therefore b ± 2. Thus for any nontrivial translation at least one critical value is in C \ [−2, 2]. So by (5.6) there is N so that for n ≥ N at least one critical value is in C \ K pn+b , which implies that K pn+b is disconnected. Thus the limit of the connectedness locii C(p n + b) of translations of the Chebyshev polynomials is
Combining with (5.6) it follows that for any nontrivial translation of the sequence of Chebyshev polynomials p n and any ε > 0 there is N so that for n ≥ N the Hausdorff distance d H (K pn+b , [−2, 2]) < ε, while K pn+b has uncontably many connected components. Now consider the dilations φ −1 a • p n (z) = ap n (z), which have critical values ±2a. Recall that a ∈ C \ {0}. If a / ∈ [−1, 1] there is N so that for n ≥ N the filled Julia set K apn(z) contains no critical values and is therefore a cantor set. 
i.e. the connectedness locus for ap n + b is asymptotically contained in a diamond shaped region symmetric around the origin in R 2 .
T O S I
Let f be a monic centered polynomial of degree d ≥ 2 and let µ denote the unique measure of maximal entropy. Recall that this measure equals the equilibrium measure for the Julia set J f of f . 
In particular, the sequence of iterates {f n } n is a subsequence of the sequence of orthogonal polynomials.
The unique measure of maximal entropy is an nth root regular measure as it is the equilibrium measure on J f . Moreover Cap(J f ) = 1, so by (1.16) the sequence of normalized polynomials satisfies that lim n→∞ γ 1 n n = 1. Thus Corollary 1.9 applies to the monic orthogonal sequence f n . We have the following consequence suggested by Laura DeMarco. 
Proof. Since the sequence of iterates is orthogonal by Theorem 5.4 and the measure of maximal entropy is supported on J f , it follows directly from Corollary 1.9 that
To show the stronger containment we note that if
Thus for |z| > R and n > N we obtain |φ
and hence lim sup
yielding (5.7). Note that (5.8) follows from (5.7) by definition of lim inf and lim sup.
C L
Suppose f is a monic centered polynomial where all critical points of f belong to the filled Julia set K f , so that K f is connected. And let φ 
That is, at least one critical value eventually escapes and thus the Julia sets are disconnected for sufficiently large n.
Let C(f ) denote the set of critical points of f and V (f ) the set of critical values. Suppose z i ∈ V (f ) ∩ J f . The orbit of this critical value is very sensitive to small perturbations by φ −1 a,b . We will therefore here only consider the case where all critical points and critical values of f are contained in the interior of K f . We will moreover restrict to hyperbolic f since in the parabolic case a periodic point may shift to the basin of infinity under arbitrary small perturbations.
So suppose in the following that f is a monic centered hyperbolic polynomial with all critical points in the interior of the filled Julia set. Note that in the following d(X, Y ) = inf x∈X,y∈Y |x − y|, while d H denotes the asymmetric Hausdorff semi-distance d H (X, Y ) = sup x∈X inf y∈Y |x − y|. 
As f is hyperbolic by assumption all critical points are attracted to some periodic attracting point z ∈ Z, so there is N such that
a,b is sufficiently close to the identity in D(R), i.e. if ||φ The quantification on k is vague, but we note that the condition is on a finite number of iterates.
Proof. Assume φ 
